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ABSTRACT: The theory of solid solution formation in binary systems for which mixing is ideal in both phases
is generalized to include one-dimensional ordering. As such, the theory is most readily applicable to copolymeric
systems. Calculations based upon the theory indicate that copolymers with a tendency for alternation would melt
over a narrower, more intermediate range and would be less subject to compositional and sequence length frac-
tionation than random or block copolymers. As the tendency to alternate is heightened a point of invariance
is approached (at constant pressure) at a composition corresponding to equal numbers of the counits. The co-
polymers with a tendency to be ordered in blocks are predicted to display the broader melting ranges and undergo
the greater compositional and sequence length fractionations. Theoretical equilibrium degree of crystallinity
curves for block copolymers display fusion processes consisting of two distinct stages.

Isomorphic replacement of structural units in syn-
thetic copolymers has been known since Edgar and
Hill observed this phenomenon in copolyamides,® but
theories describing the thermal behavior of such solid
solutions have been lacking.

The thermal characteristics of copolymeric solid so-
lutions can be strongly affected by nonideality of mixing,
which in the solid phase may be associated with distor-
tions, dimensional changes,?>~* or structural transi-
tions 33 (isodimorphism)? 3 of the crystalline lattice as
a function of composition. If mixing in both phases is
ideal the equilibrium phase diagram may still display
marked variations from system to system. It is this
latter case that is treated theoretically in the present
work.

In the case of solid solution equilibria involving ideal
binary mixtures of low molecular weight substances
Seltz derived equations relating equilibrium tempera-
tures and composition in terms of the thermodynamic
parameters of fusion of the pure components.® Al-
though the values of these parameters may affect quan-
titative aspects of those phase diagrams their bound-
aries enclose lens-shaped areas in all cases. If devia-
tions from Raoult’s law occur which are similar for both
phases the characteristic shape of the ideal mixing phase
diagram will be preserved.”

In copolymers the chemical potential of each costruc-
tural unit species is dependent upon its sequence prop-
agation probability.® Thus, any theory which treats
solid solution formation in copolymers must include a
description of the covariation of the sequence propaga-
tion probabilities as well as the thermodynamic param-
eters of fusion of the pure components, i.e., homo-
polymers.

In this paper the effects of varying degrees of one-
dimensional order in solid solution equilibria between
binary mixtures will be examined. It will be shown
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that the equations for solid solution equilibria of ideal
mixtures of low molecular weight substances are a
special case of this treatment.

Theoretical

We consider a linear, infinite molecular weight, binary
copolymer containing A and B units for which only
nearest neighbor units influence the polymer sequence
length distribution. It has been shown for such a co-
polymer whether formed by a kinetic or an equilibrium
controlled process that®

PAAPBB

= 1
PapPpas Q W

Here P;; (where I and J may be either A or B) is the con-
ditional probability that an I unit selected at random
will be followed by a J. Q describes the randomness of
the copolymer. It is equivalent to both the reactivity
ratio product for a kinetically generated copolymer and
to the reciprocal of the equilibrium constant of the equi-
librium copolymerization process defined by the reac-
tion

~A—A~ + ~B—B~ = ~A—B~ + ~B—A~ (2

Thus, a value of Q which is less than, equal to, or greater
than one, respectively characterizes arrangements of co-
units that tend to alternate, are random, or tend to be
ordered in blocks.

If it is further stipulated that the enthalpy of mixing
of the A with the B units is negligible one may write for
any phase that?

Ma — ,uA" = RT In Paa (3)
and
MB — /.‘LH0 = RT In Psy (4)

where ur and u,° are the chemical potentials of the 1 units
in a copolymer and a homopolymer, respectively,
Should the copolymer undergo a solid-liquid phase
transition characterized by a latent heat and in which A
and B units are found in both phases, then at equilib-
rium we may write that ua© = u,® and us'™ = up®,
The superscripts ¢ and a denote the crystalline and the
amorphous phase, respectively. Using these relation-
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ships and eq 3 and 4 the equilibria between the two
phases may be expressed in exponential form as

Pia© )
5w = Pt = pCOYRT](5)
AA
and
Pry©
PBB<a) = exp[(us®® — up®)/RT] 6
BB

Fractionation as a consequence of phase equilibrium oc-
curs by the selective inclusion in each of the phases, se-
quences which differ both in composition and in se-
quence length distribution from the copolymer as
a whole. The sequence length distributions of the two
phases may be interrelated by 0. Q. depending only
upon the values of the different varieties of nearest
neighbor intrachain interactions that determined the
copolymer sequence length distribution, is independent
of composition.® Then, the single value of Q which
characterizes the whole copolymer as formed is pre-
served within each fractionated phase. Thus, fromeq 1

Psa®Ppp®
(I = Paa®)X1 — Pyp®)

=Q=

Poa(OPgy©®
(1 — Pss@)1 — Ppp'®)

where P.s and Pss have been replaced by their equiva-
lents in this system, 1 — P,, and 1 — Pgp, respectively.
The system, eq 7, incorporates two independent equa-
tions which can be used in finding any of the four se-
quence propagation probabilities Paa®, Ppp®, Pys©,
or Pgp‘® in terms of the temperature and various
parameters characteristic of the system.

We illustrate in detail the solution for Ps,®. Equa-
tions 5 and 6 may be expressed in terms of the probabili-
ties given on the right side of eq 7 and substituted for
them giving

O

Paa®yPas®yy

(1 — Paa®y )1 — Pup®yy) Q
where y. and yp are equal to the right sides of eq 5 and
6, respectively. The left side of eq 7 may be solved for
Pzp® in terms of Q and P..™® and that result sub-
stituted in eq 8. When the resulting equation is re-
arranged and terms are collected with respect to
powers of P.,® we obtain

Paa®(Q ~ DA - yp)yal +
Paa®[Q(ya + Dlys — 1) + 1 — yays]l +
ol —ye)=0 9
The root of this equation which lies in the range zero to
one inclusive is the physically significant value of

Pisa®, The composition of the melt is then obtained
from?

®

X ® = L_* — (10)
O(1 — Pya@)2/Pua® — Puy@® 4 2
where X,® is the mole fraction of A units in the melt.
The expression

Pas@(Q — D1 — zg)za] +
Paa@[Q(zs + 1)zp — 1) + 1 — zazu] +
o —zg) = 0 (11D

Macromolecules

obtained in a similar manner is of the same form as that
for Psa® with y; replaced by its reciprocal, z;. Ex-
pressions for Pgp® and Pys'® correspond to those for
Pia® and Pas©, respectively, with all A and B sub-
scripts interchanged. Alternatively Pss® may be
found by employing the results of eq 9 and 10 in the
relationship?

X, @ Xo®
A Paa® L1 —
Xp® Xp®

Pup® = (12)
where X® is the mole fraction of B units in the melt,
and Ppp‘® may be calculated vig an analogous route.

The participation of ideal binary mixtures of small
molecules in solid solution equilibria is a special case of
the present development. This random arrangement of
small molecules corresponds to the entirely random ar-
rangement of costructural units in this system that occurs
when Q = 1. At this point eq 9 reduces to the mono-
meric case,’ Xu® = (yp — 1)/(ys — y4), since, accord-
ing to eq 10, Psa™® = X.® when Q = 1. Similarly,
Xi® = ys(ys — 1)/(ys — ya) for the random case.

Results and Discussion

The implications of the effects of copolymer order
upon solid solution equilibria as represented by equa-
tions of the form of eq 9 and 11 are best demonstrated
by specific illustration. The literature lacks evidence of
adequate characterization of thermodynamic param-
eters of the pure components for copolymers which
display solid solution formation, and lacks documen-
tation of ideal solid solution formation in nonrandom
copolymers. Consequently we choose a set of hypo-
thetical parameters for these illustrations. In doing so
we make use of the approximations that, at temperature
7 in the range of interest (ua®® — p,%©) = AH,,1(1 —
T/Tw.s” and (us®® — up®®) = AH, 5(1 — T/Tw.5%.
Here AH, 1 is the heat of fusion per mole of I structural
units and 7w’ is the equilibrium melting point of the
infinite molecular weight homopolymer of I units. The
values of the parameters which are consistent among all
of the examples of this paper are AH,.» = 6000 cal/
mol of structural units, 7m.4° = 500°K, AH, s = 8000
cal/mol of structural units and 7,,,8° = 400°K. These
chosen values are close to those of many known poly-
esters and polyamides. While the selection of other sets
of parameters would affect the quantitative results of the
examples that follow, the qualitative implications of the
theory would be consistently retained in the illustrations.

We first give constant pressure equilibrium diagrams
of temperature cs. composition for systems character-
ized by these parameters and by different levels of co-
polymer order. In these cases it proved convenient to
calculate the solidus and ligquidus temperatures as func-
tions of composition rather than by the converse ap-
proach suggested by eq 9 and 10. For this purpose
P, was calculated from given values of composition
and randomness by?

Xa 2L
[:}B(l — Q):lPAA -

Xa X,
- AA - l
I 3'3(1 = 20) |Pas — X Q=0 (13

B

and eq 9 and 11 were solved for the liquidus and solidus
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Figure 1. Solid solution equilibria in copolymers of different
degrees of intrachain order. Temperature ¢s. mole fraction
of A units for copolymers described by parameters given in
text. Liguidus and solidus curves are denoted by unprimed
and primed symbols, respectively, Curves ¢ and ¢/, Q =
0.01; curveshand b’, Q = 1; curvescand ¢’, @ = 100.

temperatures as functions of Pss by the Newton-
Raphson method, an iterative numerical technique.!®

Figure 1 shows that at a given composition the larger
the value of Q, the more extended are the upper and
lower temperature limits over which equilibrium con-
ditions prevail. Similarly the intersection of the dashed
tie line with the set of curves indicate that the solid so-
lutions in equilibrium with their melts characterized by
the higher values of Q undergo the more marked com-
positional fractionation. The 450°K tie line connects
Xa® = 0.575 with X4© = 0.687 when Q = 0.01 and
Xa'® = 0,020 with Xi© = 0.993 when Q = 100.
Thus, a copolymer which contains equal numbers of each
kind of unit and is characterized by a value of Q of 100
may yield separate, though not necessarily cleanly par-
titioned, phases having compositions approaching those
of the reference homopolymers. The zone between
curves a and «’ is constricted at Xy = 0.5. This depar-
ture from the classical solid solution phase diagram is
increasingly manifested as values assigned to Q di-
minish from one toward zero, and the liquidus and
solidus curves approach coincidence at this over-all com-
position. The aproach to coincidence at this point sat-
isfies the requirements of the phase rule., As Q nears
zero at Xa = 0.5 the arrangement of copolymer struc-
tural units approaches perfect alternation. At the
limit of perfect alternation the copolymer is, in fact, a
homopolymer; just as the copolymer of adipic acid and
hexamethylenediamine is nylon-6,6, and a perfectly al-
ternating stereoregular arrangement of methylene and
ethylidene may be isotactic polypropylene. Con-
taining one component, the system is invariant at con-
stant pressure; the equilibrium temperature range be-
comes a melting point, and compositional fractiona-
tion is eliminated.

A binary alternating copolymer which forms solid so-
lutions is somewhat analogous to 4 binary low molec-
ular weight mixture which forms 1:1 compounds as
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Figure 2. Solid solution equilibria in copolymers described
by parameters given in text and for which @ = 0.01.
Temperature ¢s. the sequence propagation probability Pas.
Upper curve is the solidus, lower curve is the liquidus.
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Figure 3. Solid solution equilibria in copolymers described
by parameters given in text and for which @ = 100. Tem-
perature ¢s. the sequence propagation probability Paa.
Upper curve is the solidus, lower curve is the liquidus.

well as solid solutions. Thus, the system, bromine-
iodine which forms the compound IBr”!! and solid so-
lutions over the entire composition range, exhibits a
temperature rs. composition diagram closely resem-
bling that of Figure 1, curves g and ’.7 1?

Solidus and liquidus temperatures of these copoly-
mers plotted as functions of their sequence propagation
probabilities give direct information about the sequence
length distributions in the two phases. Calculations
for such plots were performed by solution of eq 9 and 11
for temperature at uniform increments of Paa, again
using the Newton—-Raphson method. These calcula-
tions are plotted for the case in which @ = 0.0l in
Figure 2 and for which Q = 100 in Figure 3. Since
Psa = Xa when Q = 1, the T vs. Pis plots for the
random copolymer are identical with curves b and ' in
Figure 1. The plots for T cs. Psa indicate that the
longer sequences of the higher melting component re-

(11) L. G. Cole and G. W, Elyerum, Jr., J. Chem. Phys., 20,
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Figure 4. Solid solution equilibria in copolymers of
different degrees of intrachain order. Over-all fraction of
crystalline units vs, temperature for copolymers described
by parameters given in text and for which Xa = 0.6. Curve
a, @ = 0.01; curve b, Q = 1; curvec, Q = 100.

main in the solid phase during equilibrium, and frac-
tionation with respect to sequence length is more pro-
nounced in polymers characterized by the highest value
of Q. Accordingly it is predicted that the polymer
with Q@ = 100 will undergo a marked fractionation with
respect to sequence lengths of A units, particularly at
the lower end of the equilibrium temperature range.
In the system with the high tendency to alternate, frac-
tionation of A unit sequence lengths are nearly absent at
values of Paa corresponding to Xa < 0.5, a composition
range in which A unit sequence lengths greater than one
are uncommon.

Figure 4 demonstrates the effect of variations in the
extent of copolymer randomness on the theoretical
equilibrium degree of crystallinity curves of copolymers,
each of which is characterized by an over-all composi-
tion Xa = 0.6. The plots are in terms of X® the over-
all fraction of crystalline A and B units, vs. 7. X is
given by

X© = —————XA\_ Xa® (14)

Xi© — X, @

since Xa = (1 — X)X, ® 4+ XOX, 9 X, and
Xa'© were calculated as functions of T by the procedure
outlined in the presentation of eq 9-11. A qualitative
change in the fusion process accompanies the broad-
ening of its temperature range as larger values of Q are
encountered. As progressively higher values of Q char-
acterize the polymer, the fusion curve becomes mark-
edly sigmoidal; the broad range of the entire melting
process contains two distinct sharp intervals which en-
compass most of the fusion. Thus, portions of the fu-
sion curve of an ordered block copolymer may be more
abrupt than any part of the fusion curve of a random co-
polymer. It is evident from the appropriate curves of
Figures 1, 3, and 4 that the material melting in the lower
temperature portion of curve ¢ in Figure 4 consists of
long sequences of B structural units between which very
short A sequences are embedded. After a temperature
interval in which very little fusion is observed the fusion
of conversely arranged sequences of A and B units oc-
curs at temperatures approaching T, +°.

Macromolecules

The curves plotted in Figure 4 depict a situation in
which equilibrium and perfection of sharply demarcated
phases is maintained during the entire fusion process.
The predictions of finite melting ranges for these sub-
stances is solely a function of their two-component na-
ture.

Up to this point Q has been treated as a parameter
characterizing a given copolymeric system in any state.
It is not unusual, however, for certain copolymers to
equilibrate to other than their original values of Q at
temperatures at which they would undergo phase tran-
sitions.!® For situations in which Q can vary with tem-
perature we may write Q@ = exp(2Aesn/RT).° Here
2Ae,5 is the standard state free energy for the reaction
as writtenin eq 2. If Aess should equal zero, as it often
does, then a random copolymer would result at equi-
librium, and the phase relationship expected would be
identical with those for monomeric mixtures as pre-
viously discussed. If Aess should be other than zero
the resulting phase diagrams would be modified ver-
sions of those for the nonrandom copolymers already
outlined. Because of the greater randomness of these
copolymers at higher temperatures, such phase dia-
grams should more nearly resemble those for non-
random copolymers in the lower rather than the upper
portions of their temperature ranges. It is likely, how-
ever, that concomitant with any appreciable values of
Aesp there would be interactions between A and B units
not covalently bonded to one another leading to non-
ideality of mixing.

This model, by featuring ideality of mixing in both
phases and lacking the specification of a strained inter-
facial zone between the liquid and solid phases,'? is an
oversimplification which may, nevertheless, lead to the
identification of departures from ideality and equilib-
rium in real systems. The simplicity of the model
heightens our understanding of the substantial effects
that one-dimensional ordering may exert upon these
phase equilibria.

While the development thus far has been described in
terms of a solid-liquid transition it should be recog-
nized that no stipulations have been made with respect
to the structure within either phase with the exception of
the sequence length distribution of the chain and ideality
of mixing. Phase morphology and chain configuration
remain unspecified. Thus both phases involved could
be solid. The foregoing development is then suffi-
ciently general to include any phase transition for a co-
polymer-like system that is characterized by latent
heats and described by the assumptions and restrictions
previously listed.
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